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The low temperature expansion of the free energy of atom/plane system is considered for general
symmetric form of tensor conductivity of the plane. It is shown that the first correction is propor-
tional to second order of the temperature ∼ T 2 and comes from TM mode. The agreement of the
expansion and exact expressions for different models of conductivity is numerically demonstrated.
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I. INTRODUCTION
Van der Waals dispersion forces play an important role
in different physical, biological as well as chemical phe-
nomena [1]. In the case of interaction between parti-
cle and plate it is commonly referred to as the Casimir-
Polder force [2]. The van der Waals force is very im-
portant for interaction of graphene with microparticles
[3], where finite conductivity of graphene plays essential
role [4]. At a short range the energy rises as the third
power of inverse distance between the microparticle and
the plate. The retardation of the interaction should be
taken into account at large distances and the interaction
energy falls down as the fourth power of distance. At sep-
arations larger than a few micrometers, thermal effects
become dominant.
Thermal corrections for van der Waalse energy of the
system atom/slab and atom/graphene were considered in
Ref. [5]. It was shown that the correction to the Casimir-
Polder free energy is proportional to forth degree of tem-
perature ∼ T 4 in the case atom and ideal plane. Differ-
ent models were considered to describe graphene namely,
i) hydrodynamical model [6], ii) density-density correla-
tion function [7] and iii) the Dirac model [8]. In frame-
work of Dirac model was found tensor of conductivity of
graphene with and temporal and spatial dispersions and
dependence of temperature and chemical potential [9].
In the present paper we consider low temperature ex-
pansion of the free Casimir-Polder energy for atom/plane
system taking into account general symmetric form of the
plane’s conductivity tensor. We found that the first cor-
rection is quadratic over temperature ∼ T 2. Numerically
we justify low temperature expansion for three different
models of conductivity – constant conductivity model,
the Drude-Lorentz model and conductivity calculated in
the context of polarization tensor approach.
The paper is organized as follows. In Sec. II, we
briefly consider general structure of the conductivity ten-
sor. Section III presents different representations of the
∗ nail.khusnutdinov@gmail.com
† natalia.emelianova@ufabc.edu.br
Casimir-Polder energy. In Sec. IV we derive the main
expressions for low temperature expansion and in Sec. V
we numerically compare exact expressions and low tem-
perature approximations. In Sec. VI we discuss the ob-
tained results. Appendix A devotes for different models
of graphene’s conductivity and in Appendix B we obtain
low temperature expansion of the conductivity.
II. THE STRUCTURE OF THE TENSOR
CONDUCTIVITY
Let us consider conductive 2D infinitely thin layer po-
sitioned perpendicular to axes z. We suppose that the
anisotropic Ohm low, js = σE, is satisfied on the plane,
where js is surface current and σ is conductivity tensor.
The latter, in general, depends on the frequency ω, wave
vector k, velocity v and other scalar parameters such
as temperature T and chemical potential µ. It has the
following structure [10] (i, j = x, y)
σij = Aδij +Bkikj + Ck(ivj) +Dvivj + Eεij , (1)
where the constant E describes parity-odd part of con-
ductivity [11] and εij is complete antisymmetric tensor.
We consider here parity-even part of conductivity with-
out velocity v = 0:
σij = Aδij +Bkikj . (2)
The eigenvalues of this tensor,
σte = A, σtm = A+ k2B, (3)
are the conductivities of TE and TM modes. Indeed,
boundary conditions for TE (Ez = 0) and TM (Hz = 0)
modes have the following form
TE : [Hz] = 0, [H
′
z] = +4piiωσ
teHz,
TM : [E′z] = 0, [Ez] = −
4pii
ω
σtmE′z, (4)
where [f ] = fz−0 − fz+0 means jump of function at the
layer. Therefore, we observe that eigenvalues σte and
σtm play the role of conductivity for TE and TM modes,
respectively.
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2Using boundary conditions (4) for scattering process
we obtain the transmission and reflection coefficients
rte(ω, kz) = − η
te
ηte + kzω
, tte = 1 + rte,
rtm(ω, kz) =
ηtm
ηtm + ωkz
, ttm = 1− rtm, (5)
where kz =
√
ω2 − k2⊥ and ηte,tm = 2piσte,tm.
III. THE CASIMIR-POLDER FREE ENERGY
The system under consideration consists of atom and
conductive plane with distance a between atom and
plane. Using the rarefied procedure of Lifshitz [12] the
Casimir-Polder (CP) energy can be given as a sum of TM
and TE contributions [4],
Etm =
∫∫
d2k⊥
(2pi)2
∫ ∞
0
dλ
κ
α(λ)
(
λ2 − 2κ2) rtm(λ, κ)e−2aκ,
Ete =
∫∫
d2k⊥
(2pi)2
∫ ∞
0
dλ
κ
α(λ)λ2rte(λ, κ)e−2aκ, (6)
where κ =
√
k2⊥ + λ2 and α is polarizability of atom.
To take into account temperature we have to change∫∞
0
dλ → 2piT∑∞n=0 ′ and λ → ξn (κ → κn =√
k2⊥ + ξ2n), where ξn = 2pinT being the Matsubara fre-
quencies. We obtain the following expressions for free
energy [5]
Ftm = T
2pi
∞∑
n=0
′
∫∫
d2k⊥
κn
αn
(
ξ2n − 2κ2n
)
rtm(ξn, κn)e
−2aκn ,
Fte = T
2pi
∞∑
n=0
′
∫∫
d2k⊥
κn
αnξ
2
nr
te(ξn, κn)e
−2aκn , (7)
where αn = α(ξn). The ideal case appears by formal
limit ηte,tmn →∞ (rte → −1, rtm → 1).
Taking into account the Poisson summation formula
(see, for example, Ref. [1]) we obtain following expression
for free energy
Ftm
ECP = −
8
3
∞∑
l=0
′
∫ ∞
0
z3dz
∫ 1
0
dx cos
(
zxl
aT
)
× α(λ)
α(0)
(
x2 − 2) rtm(x, 1)e−2z,
Fte
ECP = −
8
3
∞∑
l=0
′
∫ ∞
0
z3dz
∫ 1
0
dx cos
(
zxl
aT
)
× α(λ)
α(0)
x2rte(x, 1)e−2z, (8)
normalized to the ECP = −3α(0)/8pia4 – Casimir-Polder
energy for ideal plane/atom. Here λ = zxa , k =
z
a
√
1− x2
and the prime means factor 1/2 for l = 0. This form
is more suitable for analysis at low temperature. Zero
terms, l = 0, in (8) coincides exactly with that obtained
for zero temperature in Ref. [4] (see Eq. (6)) but with
temperature and chemical potential dependence through
the conductivity. We extract the zero term
F = Ftm + Fte = F0 + ∆F (9)
and consider low temperature expansion for ∆F and F0
separately.
IV. THE LOW TEMPERATURE EXPANSIONS
To analyze ∆F (9) we use Erde´lyi’s lemmas for asymp-
totic expansion integrals [13]. For completeness we repro-
duce them below.
Lemma 1∫ a
0
xβ−1f(x)eiΛxdx =
∞∑
n=0
anΛ
−(n+β), (10)
where
an = f
(n)(0)
Γ (n+ β)
n!
e
ipi
2 (n+β).
Lemma 2∫ a
0
xβ−1f(x) lnxeiΛxdx =
∞∑
n=0
bn(Λ)Λ
−(n+β), (11)
where
bn = f
(n)(0)
Γ (n+ β)
n!
e
ipi
2 (n+β)
×
[
− ln Λ + ψ (n+ β) + ipi
2
]
,
and ψ(x) = Γ′(x)/Γ(x). Both Lemmas are valid as Λ→
∞, f (n)(a) = 0 and β > 0.
The free Casimir-Polder energy ∆F maybe represented
in the following form
∆F
ECP =
8
3
<
∞∑
l=1
∫ ∞
0
dzeiΛz (Ytm + Yte) , (12)
where Λ = laT and
Ytm(z) =
α(λ)
α(0)
∫ ∞
z
e−2ss
(
2s2 − z2)
s+ z/ηtm
ds,
Yte(z) =
α(λ)
α(0)
∫ ∞
z
e−2sz3
z + s/ηte
ds. (13)
Here λ = z/a and k =
√
s2 − z2/a are used for frequency
and wave-vector, correspondingly.
First of all, let us consider the case without spatial
dispersion, η = η(λ). Straightforward integration in Eq.
(13) gives
Ytm =
αe−2z
2α(0)η3tm
{
ηtm
(
2z2 − z(1 + 2z)ηtm + (1 + z)2η2tm
)
3+ 2z3(η2tm − 2)e2z(1+η
−1
tm )Γ
(
0, 2z
(
1 + η−1tm
))}
,
Yte =
αηte
α(0)
z3e2zηteΓ (0, 2z(1 + ηte)) , (14)
where Γ(a, b) is incomplete gamma function.
Expansion at point z = 0 contents logarithmic contri-
bution
Ytm,te =
∞∑
m=0
Atm,tem z
m + ln z
∞∑
m=3
Btm,tem z
m. (15)
Taking into account this expansion and Lemmas we ob-
tain expansion up to 4th power of T for the energy at
low temperature
∆Ftm,te
ECP = −
χ2
9
Atm,te1 +
χ4
90
{
Atm,te3
+ Btm,te3
(
ln
χ
2pi
− γE + 90ζ
′
R(4)
pi4
+
11
6
)}
, (16)
where χ = 2piaT and ζR(s) is Riemann zeta-function.
From Eqs. (14) we obtain in manifest form
Atm1 = −
1
2ηtm
, Ate1 = 0,
Atm3 = −
1
4a2ηtm
(
α′′
α
− η
′′
tm
ηtm
+
2η′2tm
η2tm
)
− 2η
′
tm
aη3tm
− 2
η2tm
+
1
ηtm
+
1
3
+
(
γE + ln
[
2(1 + ηtm)
ηtm
])
Btm3 ,
Ate3 = (γE + ln [2(1 + ηte)])B3
te,
Btm3 =
2
η3tm
− 1
ηtm
, Bte3 = −ηte. (17)
Taking into account these expressions we obtain asymp-
totic expansion of free CP energy
∆Ftm
ECP =
χ2
18ηtm
+
χ4
270
{
1− 6
η2tm
(
1 +
η′tm
aηtm
)
− 1
2ηtm
(
5 +
540ζ ′R(4)
pi4
+ 6 ln
[
χ
1 + ηtm
piηtm
]
+
3
2a2
(
α′′
α
− η
′′
tm
ηtm
+
2η′2tm
η2tm
))
+
6
η3tm
(
11
6
+ ln
[
χ
1 + ηtm
piηtm
]
+
90ζ ′R(4)
pi4
)}
,
∆Fte
ECP = −
χ4ηte
90
{
11
6
+ ln
[
χ
1 + ηte
pi
]
+
90ζ ′R(4)
pi4
}
,(18)
where functions α and η and their derivatives are consid-
ered at zero argument.
In ideal case [5] the free energy for low temperatures
has first correction ∼ χ4
F
ECP
∣∣∣∣
T→0
= 1− χ
4
135
. (19)
One comment is in order. Above expansions are valid
if arguments of incomplete gamma functions in Eqs. (14)
are small, that is for χ  ηtm1+ηtm and χ  11+ηte . There-
fore, we may take limit to ideal case only for TM mode
in Eq. (18). To consider ideal case for TE mode we have
to take limit ηte → ∞ first of all in Eq. (14) and then
make expansion over z.
The main term of expansion χ2/18ηtm is the same for
k 6= 0. Indeed, to obtain Atm1 we may take derivative of
Eq. (13) with respect of z and then take limit z → 0. By
proceed that way we obtain the same form of main term
where ηtm is calculated for λ = k = 0.
Therefore, we observe that for all models of conduc-
tivities the main term of low temperature expansion pro-
portional to χ2.
Let us consider now zero term in Poisson representa-
tion F0 = F0tm + F0tm
F0tm
ECP = −
4
3
∫ ∞
0
z3dz
∫ 1
0
dx
α(λ)
α(0)
(
x2 − 2) rtm(x, 1)e−2z,
F0te
ECP = −
4
3
∫ ∞
0
z3dz
∫ 1
0
dx
α(λ)
α(0)
x2rte(x, 1)e−2z. (20)
As noted above it coincides exactly with that obtained
for zero temperature in Ref. [4], but with additional
dependence on the temperature and chemical potential
through dependence of conductivity on these parameters
(see Sec. A 3). These expressions tend to 1/2 for ideal
(η →∞) case and for a→∞.
V. NUMERICAL ANALYSIS
Let us compare numerically the formulas obtained (18)
with exact numerical calculations for different models
of conductivity. Let us denote for simplicity δFn =
∆F/ECP where n = 0 corresponds to exact expression
calculated numerically and n = 1, 2 corresponds to first
(∼ χ2) and second (∼ χ4) approximations in (18). Nu-
merically we use (7) and subtract (20). To estimate error
we plot relative error function En = (δFn − δF0)/δF0 ·
100%.
For definiteness we consider Hydrogen atom in frame-
work of one-oscillator model (see Ref. [4]) and distance
a = 10nm between atom and plane of graphene. Then
the interval of temperatures T ∈ [0, 100◦]K corresponds
to interval of parameter χ ∈ [0, 2.7]·10−3. Different mod-
els of graphene’s conductivity briefly discussed in Ap-
pendix A.
A. Constant conductivity model
First model is constant conductivity model. For
graphene we use universal conductivity, σgr = e
2/4~ and
then ηtm = ηte = ηgr = 0.0114. Fig. 1 illustrates nu-
merical evaluation exact expression and approximations
obtained and relative error. We observe that relative er-
ror for second approximation is not more then 1% up to
T = 100K.
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FIG. 1. Constant conductivity model of graphene ηtm =
ηte = 0.0114 and Hydrogen atom at distance a = 10nm from
graphene. Left panel: δFn = ∆F/ECP. n = 0 is numeric sim-
ulation, n = 1 is approximation up to T 2, n = 2 is approxi-
mation up to T 4. Right panel: relative error in percents.
B. Drude-Lorentz model
In the case of Drude-Lorentz 7-oscillator model of
conductivity agreement is not so good. The point is
that even the conductivity at zero frequency equals to
graphene universal conductivity, but derivatives of first
and second order are very huge. The contributions to χ4
contain terms
η = 0.0114,
η′
aη
= 8.76 · 103, η
′′
a2η
= −1.85 · 107, (21)
and the ratio of second term ∼ χ4 and first ∼ χ2 is
0.67 for T = 10◦K and 67 for T = 100◦K. For this
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FIG. 2. The Drude-Lorentz model of graphene’s conductivity
and Hydrogen atom at distance a = 10nm from graphene.
Left panel: δFn = ∆F/ECP. n = 0 is numeric simulation,
n = 1 is approximation up to T 2, n = 2 is approximation up
to T 4. Right panel: relative error in percents.
reason the low temperature expansion is valid for very
low temperature (see Fig. 2).
C. Polarization tensor approach
The last model is polarization tensor model of conduc-
tivity developed in Refs. [9]. In this case the conductiv-
ity depends on frequency, wave-vector, temperature and
chemical potential ηtm,te(λ, k, T, µ). In the case under
consideration, k = 0,
ηtm,te
ηgr
=
4m
piλ
{
1 +
(
λ
2m
)2 − 1(
λ
2m
) arctan( λ
2m
)}
+
16
piλ
∫ ∞
m
dz
z2 +m2
4z2 + λ2
{
1
e
z+µ
T + 1
+
1
e
z−µ
T + 1
}
. (22)
In the static limit, λ→ 0, the conductivity is divergent
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FIG. 3. Polarization tensor approach for conductivity with
m = µ = 0 and γ = 0.1eV at distance a = 10nm from
graphene. Left panel: δFn = ∆F/ECP. n = 0 is numeric sim-
ulation, n = 1 is approximation up to T 2, n = 2 is approxi-
mation up to T 4. Right panel: relative error in percents.
(but transmission and reflection coefficients (5) tend to
that for ideal case). To make it finite we cut λ on minimal
value γ. The threshold parameter γ appears in natural
way in framework of Kubo approach calculation of con-
ductivity [14] as a scattering rate.
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FIG. 4. Polarization tensor approach for conductivity with
m = 0.1eV, µ = 0.05eV and γ = 0.1eV at distance a = 10nm
from graphene. Left panel: δFn = ∆F/ECP. n = 0 is numeric
simulation, n = 1 is approximation up to T 2, n = 2 is approx-
imation up to T 4. Right panel: relative error in percents.
Numerical evaluations (see Figs. 3, 4) demonstrate
good agreement expansion (18) with exact expression (7).
Let us consider now zero temperature term F0 given by
Eqs. (9), (20). In the framework of the model under con-
sideration it depends on the temperature and chemical
potential. Expansion of conductivity over temperature is
given in Appendix B.
For m = µ = 0 the first correction ∼ T 3 (see Eq.
(B12)) and reads
ηte = ηtm = ηgr +
48
pi
ζR(3)
T 3
λ3
. (23)
5Therefore,
F0
ECP =
FT=00
ECP + T
3β (24)
where
β =
64ζR(3)ηgr
pi
∫ ∞
0
z3dz
∫ 1
0
dx
α(λ)
α(0)
xe−2z
λ3
×
{
2− x2
(x+ ηgr)2
+
x2
(1 + xηgr)2
}
. (25)
For a = 10nm and γ = 0.1eV we have β = 2.33 · 10−12
where T (K).
For m = 0.1eV and µ = 0.05eV the first correction
is exponentially small ∼ e−m−µT (see Eq. (B8)). Fig.
0 50 100 150 2000
0.5
1
1.5
2×10−5
m= µ = 0
T (K)
( F 0−
FT
=
0
0
) /E C
P
0 50 100 150 2000
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2×10−5
m= 0.1eV,µ = 0.05eV
T (K)
FIG. 5. Polarization tensor approach for conductivity. Zero
term
(F0 −FT=00 ) /ECP. Left panel: m = µ = 0 and γ =
0.1eV . Black curve is exact expression (20) and blue is first
approximation (24). Right panel: m = 0.1eV, µ = 0.05eV
and γ = 0.1eV . Temperature contribution is exponentially
small up 100◦K.
5 illustrates temperature correction of zero temperature
term due to conductivity dependence of temperature and
chemical potential.
VI. CONCLUSION
We have obtained the analytic expression of low
temperature expansion of the Casimir-Polder (van der
Waals) energy for a system which contains an atom and
conductive plane. The conductivity is characterized by
symmetric 2D conductivity tensor. The eigenvalues of
this tensor are conductivity of TE and TM modes. The
main term of expansion ∼ T 2 comes from TM mode,
the next terms ∼ T 4 and ∼ T 4 lnT . Numerical analy-
sis shows good agreement expansion obtained with exact
expressions.
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Appendix A: Models of conductivity
In this appendix we consider different models of
graphene conductivity which were used for numerical
analysis in Sec. V. We normalize conductivity to the
universal conductivity of graphene σgr = e
2/4~ and mark
these quantities by overline.
1. Constant conductivity
It is well-known that the graphene conductivity is a
constant (σgr = e
2/4~) over a relatively large frequency
range, near infrared to optical [15]. For this reason we
consider the model in which the conductivity equals to
this value for whole frequencies. In this case
σ = I, (A1)
and σte = σtm = 1. This approximation of conductivity
was used intensively in Ref. [4].
2. Drude-Lorents model
We use conductivity of graphite alongside to planes
which is approximated with high precision by Drude-
Lorentz model consisting of a Drude term and seven
Lorentz oscillators according to [16]:
σ(ω) =
f0ω
2
p
γ˜0 − iω +
7∑
j=1
iωfjω
2
p
ω2 − ω2j + iωγ˜j
. (A2)
We multiply it on the length scale d = 0.2245nm which is
close to interplane distance of graphite dgr = 0.3345nm
and obtain σte = σtm = σ and
σ = σI, (A3)
where
σ(λ) =
σ0γ0
γ0 + λ
+
7∑
j=1
λσjγj
λ2 + λ2j + λγj
. (A4)
With scale d = 0.2245nm we obtain right limit for small
frequencies σ(0) = 1. Here, γj is the relaxation time and
ωj is the characteristic frequency for the j-th term. All
parameters of of this model maybe found in Ref. [4].
3. Polarization tensor approach
In Ref. [9] was used relation between (2 + 1)D polar-
ization tensor, Πµν and tensor of conductivity, σlj ,
σln =
Πln
iω
, (A5)
6and obtained polarization tensor in general form, which
depends on λ, k, T, µ. Due to gauge invariance the polar-
ization tensor has only two independent components, for
example, Π00 and Πtr = Π
µνgµν = Π00 −Π11 −Π22.
In Ref. [9] has obtained elegant representation of po-
larization tensor. Taking into account these expressions
and expressions (3) for TE and TM conductivities we have
σte =
4
e2λ
(
Πtr − λ
2 + k2
k2
Π00
)
, σtm =
4λ
e2k2
Π00. (A6)
According with Ref. [9] we divide conductivity into
two parts
σtm,te = σ
0
tm,te + ∆σtm,te, (A7)
where the first term does not depend on the temperature,
T and chemical potential, µ and read
σ0te =
4m
piλ
Ψ
(
kF
2m
)
, σ0tm =
4mλ
pik2F
Ψ
(
kF
2m
)
, (A8)
with Ψ(x) = 1 + x
2−1
x arctanx and kF =
√
λ2 + v2F k
2.
The correction ∆σtm,te maybe represented in the follow-
ing form
∆σte =
8
piλ
<
∫ ∞
m
dz
(4m2 + q2)(q2k2F + 4m
2k2v2F )− q2k2Fλ2
r(q2k2F + 4m
2k2v2F + qλr)
Θ,∆σtm =
8
pi
<
∫ ∞
m
dz
q(q2 + k2v2F + 4m
2)− λr
r(r + qλ)
Θ,
where Θ = (e
z+µ
T + 1)−1 + (e
z−µ
T + 1)−1, r =√
k2F (q
2 + k2v2F ) + 4m
2k2v2F , and q = λ− 2iz.
In the gapless case, m = 0, we obtain a little bit simple
expressions
∆σte =
8
piλ
<
∫ ∞
0
dz
q
(
q2 − λ2)Θ
r0(qkF + λr0)
,
∆σtm =
8
pikF
<
∫ ∞
0
dz
(qr0 − λkF ) Θ
kF r0 + qλ
, (A9)
with r0 =
√
q2 + k2v2F and σ
0
te = kF /λ, σ
0
tm = λ/kF .
Let us consider some special limits.
a. k → 0
In this limit we obtain σte = σtm and
∆σte = ∆σtm =
16
piλ
∫ ∞
m
dz
z2 +m2
4z2 + λ2
Θ. (A10)
The zero temperature contribution reads
σ0te = σ
0
tm =
4m
piλ
Ψ
(
λ
2m
)
. (A11)
These expressions have peculiarity in static limit λ→
0. Zero temperature terms, σ0te,tm → 0 (for m 6= 0) and
σ0te,tm = 1 (for m = 0), but ∆σte,tm ∼ λ−1.
For m = 0 and µ = 0 this expression coincides with
that obtained by method Kubo [14] (see Eq. (A16))
where scattering rate, γ, was used. For this reason we
change λ → λ + γ, that is cut λ at minimal value γ as
was used in Ref. [14].
b. T → 0
In this case we observe from Eq. (A 3) that tempera-
ture contribution in conductivity is zero if µ ≤ m and it
reads
∆σte =
8
piλ
<
∫ µ
m
dz
(4m2 + q2)(q2k2F + 4m
2k2v2F )− q2k2Fλ2
r(q2k2F + 4m
2k2v2F + qλr)
θ(µ−m),
∆σtm =
8
pi
<
∫ µ
m
dz
q(q2 + k2v2F + 4m
2)− λr
r(r + qλ)
θ(µ−m), (A12)
where θ(x) is step function. The zero terms have the
same form (A8). Therefore, we have additional contribu-
tion due to chemical potential. If µ ≤ m the conductivity
is defined by zero temperature contribution (A8).
7In the case of zero mass gap, m = 0, the conductivity
is zero if µ ≤ 0 and it reads
∆σte =
8
piλ
<
∫ µ
0
dz
q
(
q2 − λ2)
r0(qkF + λr0)
θ(µ),
∆σtm =
8
pikF
<
∫ µ
0
dz
qr0 − λkF
kF r0 + qλ
θ(µ). (A13)
The expansion over T up to T 4 obtained in Appendix B.
4. Kubo approach
The tensor of conductivity σij(λ, k, T ) was obtained in
Ref. [14] in framework of Kubo approach. The eigenval-
ues in this case have the following form
σ te
tm
=
∫ ∞
0
xdx
∫ 2pi
0
dϕ
{
K−
sin2 ϕ
cos2 ϕ
+K+
cos2 ϕ
sin2 ϕ
}
, (A14)
where
K∓ =
4
pi2
tanh (pν+)∓ tanh (pν−)
(ν+ ∓ ν−)(1 + (ν+ ∓ ν−)2) ,
ν± =
√
x2 +
b2
4
± bx cosϕ,
and γ is scattering rate. Three parameters λ, k, T are
combined in two dimensionless parameters
p =
λ+ γ
2T
, b =
kvF
λ+ γ
. (A15)
Let us consider different limits.
a. k → 0
We obtain that
σte = σtm =
4 ln 2
pip
+
2
pi
∫ ∞
0
tanh
(
px
2
)
x2 + 1
dx. (A16)
The same expression maybe obtained from that in frame-
work of polarization tensor approach (A10), (A11) taking
into account scattering rate γ.
The conductivity without spatial dispersion was also
obtained in Ref. [15].
b. T → 0
The conductivities read
σte = − 4
pi
2 + b2
b2
arctan b+ 2 +
8
pib
+
4
b2
− 4 + 3b
2
b2
√
1 + b2
,
σtm = −σte − b+ 2 + b
2
√
1 + b2
. (A17)
In the limit b → 0 (k → 0 or λ → ∞) we obtain σte =
σtm = 1, that is σ = I.
Appendix B: Low temperature expansion of
conductivity
The temperature correction for conductivity has the
following form (i = te, tm)
∆σi =
∫ ∞
m
dzfi(z)Θ, (B1)
where
fte(z) =
8
piλ
< (4m
2 + q2)(q2s2F + 4m
2k2v2F )− q2s2Fλ2
r(q2s2F + 4m
2k2v2F + qλr)
,
ftm(z) =
8
pi
<q(q
2 + k2v2F + 4m
2)− λr
r(r + qλ)
. (B2)
We have the following expansions in two domains (m ≥
0) for T → 0:
I. µ ≥ m
∆σi =
∫ µ
m
fi(z)dz +
∞∑
n=0
Tn+1f
(n)
i (µ)(−1)n
×
{
Fn
[
µ+m
T
]
+ Fn
[
µ−m
T
]
− (1− (−1)n)Fn[0]} . (B3)
II. µ ≤ m
∆σi =
∞∑
n=0
Tn+1f
(n)
i (µ)
×
{
(−1)nFn
[
µ+m
T
]
+ Fn
[
m− µ
T
]}
. (B4)
Here we used notation
Fn[x] =
1
n!
∫ ∞
x
zndz
ez + 1
. (B5)
This function has the following behavior at large and
small argument
Fn[x]x→∞ = e−x
xn
n!
, Fn[0] = (1− 2−n)ζR(n+ 1). (B6)
The above general expressions maybe simplified for
three different regions of T :
I. µ > m, T  µ−m
∆σi =
∫ µ
m
fi(z)dz +
pi2
6
T 2f ′i(µ)
+
7pi4
360
T 4f ′′′i (µ) +O(e
−µ−mT ). (B7)
II. µ < m, T  m− µ
∆σi = O(e
−m−µT ). (B8)
III. µ = m, T  m
8∆σi = T ln 2fi(m) +
pi2
12
T 2f ′i(m) +
3
4
ζR(3)T
3f ′′i (m)
+
7pi4
720
T 4f ′′′i (m) +O(e
−mT ). (B9)
In gapeless case, m = 0,
fte(z) =
8
piλ
< q
(
q2 − λ2)
r0(qkF + λr0)
,
ftm(z) =
8
pikF
<qr0 − λkF
kF r0 + qλ
, (B10)
with r0 =
√
q2 + k2v2F , q = λ− 2iz. We have two regions
I. µ > 0, T  µ
∆σi =
∫ µ
0
fi(z)dz +
pi2
6
T 2f ′i(µ)
+
7pi4
360
T 4f ′′′i (µ) +O(e
− µT ). (B11)
II. µ = 0, T → 0
∆σi =
3
2
ζR(3)T
3f ′′i (0)+
15
8
ζR(5)T
5f
(4)
i (0)+ . . . . (B12)
[1] M. Bordag, G. L. Klimchitskaya, U. Mohideen, and
V. M. Mostepanenko, Adv. Casimir Eff. (2009) pp. 1–768;
A. V. Parsegian, Van der Waals Forces. A Handbook for
Biologists, Chemists, Engineers, and Physicists (Cam-
bridge University Press, 2006) p. 380; P. W. Milonni,
The Quantum Vacuum. An Introduction to Quantum
Electrodynamics. (Academic Press, New York, 1994) p.
522; L. M. Woods, D. A. R. Dalvit, A. Tkatchenko,
P. Rodriguez-Lopez, A. W. Rodriguez, and R. Pod-
gornik, Rev. Mod. Phys. 88, 45003 (2016).
[2] H. B. G. Casimir and D. Polder, Phys. Rev. 73, 360
(1948).
[3] I. V. Bondarev and P. Lambin, Phys. Rev. B 72, 35451
(2005); E. V. Blagov, G. L. Klimchitskaya, and V. M.
Mostepanenko, Phys. Rev. B 75, 235413 (2007); Y. V.
Churkin, A. B. Fedortsov, G. L. Klimchitskaya, and
V. A. Yurova, Phys. Rev. B 82, 165433 (2010); N. R.
Khusnutdinov, Phys. Rev. B 83, 115454 (2011); J. Phys.
A Math. Theor. 45, 265301 (2012); S. Ribeiro and
S. Scheel, Phys. Rev. A 88, 42519 (2013); T. E. Judd,
R. G. Scott, A. M. Martin, B. Kaczmarek, and T. M.
Fromhold, New J. Phys. 13, 083020 (2011).
[4] N. Khusnutdinov, R. Kashapov, and L. M. Woods, Phys.
Rev. A 94, 012513 (2016); R. Kashapov, N. Khusnutdi-
nov, and L. M. Woods, Int. J. Mod. Phys. A 31, 1641028
(2016).
[5] V. B. Bezerra, G. L. Klimchitskaya, V. M. Mostepa-
nenko, and C. Romero, Phys. Rev. A 78, 42901 (2008);
M. Chaichian, G. L. Klimchitskaya, V. M. Mostepanenko,
and A. Tureanu, Phys. Rev. A 86, 12515 (2012); M. Bor-
dag, Adv. Math. Phys. 2014, 1 (2014); N. Khusnutdinov,
R. Kashapov, and L. M. Woods, 2D Mater. 5, 035032
(2018).
[6] G. Barton, J. Phys. A. Math. Gen. 37, 1011 (2004); J.
Phys. A. Math. Gen. 38, 2997 (2005).
[7] G. L. Klimchitskaya, V. M. Mostepanenko, and B. E.
Sernelius, Phys. Rev. B 89, 125407 (2014).
[8] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S.
Novoselov, and A. K. Geim, Rev. Mod. Phys. 81, 109
(2009).
[9] M. Bordag, I. V. Fialkovsky, D. M. Gitman, and D. V.
Vassilevich, Phys. Rev. B 80, 245406 (2009); I. V. Fi-
alkovsky, V. N. Marachevsky, and D. V. Vassilevich,
Phys. Rev. B 84, 35446 (2011); M. Bordag, I. Fi-
alkovskiy, and D. Vassilevich, Phys. Rev. B 93, 75414
(2016); Phys. Rev. B 95, 119905 (2017).
[10] V. Zeitlin, Phys. Lett. B 352, 422 (1995).
[11] I. V. Fialkovsky and D. V. Vassilevich, J. Phys. A Math.
Theor. 42, 442001 (2009); Int. J. Mod. Phys. A 27,
1260007 (2012).
[12] E. M. Lifshitz, Sov. Phys. JETP 2, 73 (1956).
[13] M. V. Fedoryuk, The saddle-point method (in Russian)
(Moscow, ”Nauka”, 1977).
[14] L. A. Falkovsky and A. A. Varlamov, Eur. Phys. J. B 56,
281 (2007).
[15] V. P. Gusynin, S. G. Sharapov, and J. P. Carbotte,
J. Phys. Condens. Matter 19, 26222 (2007); R. R. Nair,
P. Blake, A. N. Grigorenko, K. S. Novoselov, T. J. Booth,
T. Stauber, N. M. R. Peres, and A. K. Geim, Science
(80-. ). 320, 1308 (2008).
[16] A. B. Djuriˇsic´ and E. H. Li, J. Appl. Phys. 85, 7404
(1999).
